Abstract. We compute the topological simple structure set of closed manifolds which occur as total spaces of flat bundles over lens spaces S l /(Z/p) with fiber T n for an odd prime p and l ≥ 3 provided that the induced Z/p-action on π 1 (T n ) = Z n is free outside the origin. To the best of our knowledge this is the first computation of the structure set of a topological manifold whose fundamental group is not obtained from torsionfree and finite groups using amalgamated and HNN-extensions. We give a collection of classical surgery invariants such as splitting obstructions and ρ-invariants which decide whether a simple homotopy equivalence from a closed topological manifold to M is homotopic to a homeomorphism.
0. Introduction 0.1. Flat torus bundles over lens spaces. Throughout this paper we will consider the following setup and notation:
• Let p be an odd prime;
• Let ρ : Z/p → Aut(Z n ) = GL n (Z) be a group homomorphism so that the induced action of Z/p on Z n − {0} is free; • The homomorphism ρ defines an action of Z/p on the torus T n = R n /Z n . If we want to emphasize the Z/p-action, we write T n ρ = BZ n ρ ;
• Fix a free action of Z/p on a sphere S l for an odd integer l ≥ 3. We refer to the orbit space L l := S l /(Z/p) as a lens space; • Define a closed (m + l)-manifold M := T n ρ × Z/p S l ;
• The fundamental group of M n+l is the semi-direct product denoted by Γ := Z n × ρ Z/p.
We computed the K-theory of the C * -algebra of Γ in [13] . An example of such an action ρ is given by the regular representation Z[Z/p] modulo the ideal generated by the norm element in which case we have ρ : Z/p → Aut(Z p−1 ). The action of Z/p on Z n − {0} is free if and only if the fixed point set (T n ) Z/p is finite. Equip the torus and the sphere with the standard orientations; this determines an orientation on M . Since the Z/p-action on S l is free, there is a fiber bundle T n ρ → M n+l → L l . It is worth noting that T n , L ∞ and T n ρ × Z/p S ∞ are models for BZ n , BZ/p, and BΓ respectively. Notice that our assumptions imply that dim(M ) = n + l ≥ 5.
Next we summarize our main results.
0.2. The geometric topological simple structure set of M . We will show in Theorem 9.2 (v)
Theorem 0.1 (The geometric topological simple structure set of M ). As an abelian group we have
where the natural number k is determined by the equality n = k(p − 1) and the numbers r i are defined in (4.9).
In particular, the structure set is infinite.
To our knowledge this is the first computation of the structure set of a topological manifold whose fundamental group is not obtained from torsionfree and finite groups using amalgamated and HNN-extensions. The computation is rather involved and based on the Farrell-Jones Conjecture. We also compute the periodic structure sets of BΓ and of M and prove detection results for these structure sets. The notion of a structure set is recalled in Section 5. Its study is motivated by the question of determining the homeomorphism classes of closed manifolds homotopy equivalent to M .
Homotopy equivalence versus homeomorphism.
The following result gives a criterion when a simple homotopy equivalence of closed manifolds with M as target is homotopic to a homeomorphism. It is proved in Section 10.
Theorem 0.2 (Simple homotopy equivalence versus homeomorphism).
Let h : N → M be a simple homotopy equivalence with a closed topological manifold N as source and the manifold M of Subsection 0.1 as target. Then h is homotopic to a homeomorphism if and only only if the following conditions are satisfied:
• Vanishing of splitting obstructions:
Let h : N → T n × S l be obtained from h by pulling back the Z/p-covering T n × S l → M . Consider any nonempty subset J ⊂ {1, 2, . . . , n}. Let T J × • ⊂ T n × S l be the obvious |J|-dimensional submanifold. By making h transversal to T J × •, we obtain a normal map (h) −1 (T J × •) → T J × • which defines a surgery obstruction in L |J| (Z).
This obstruction has to be zero; • Equality of ρ-invariants:
Consider any subgroup P ⊂ Γ of order p. Let P ′ be the image of P under the abelianization map pr : Γ → Γ ab . Let M P → M be the cover corresponding to the subgroup pr −1 (P ′ ). Let h P : N P → M P be the corresponding covering simple homotopy equivalence.
Then we must have the equality of ρ-invariants in R(P ′ ) 0. Here is a detailed outline of the paper. Using the Farrell-Jones Conjecture, it is straightforward to compute K 1 and K 0 of the group ring ZΓ (see Section 3) . Computing the algebraic L-theory (Section 4) is more difficult, we use homological computations from our previous paper [13] , and a result of Land and Nikolaus [21] which generalizes a result of Sullivan [33, 34] comparing L-theory spectra with topological K-theory spectra after inverting 2. As with much of the rest of the paper, we compute the algebraic L-theory at p and away from p.
Our goal is to compute and detect the geometric structure set of M . However, it is much easier to compute the periodic structure set (also known as the algebraic structure set) of the classifying space BΓ. Indeed, as a simple application of the Farrell-Jones Conjecture, we show in Section 7 P ∈(P) In Section 6 we use equivariant KO-homology to show for any odd order p-group G, that S per,s m (BG) is a finitely generated free Z[1/p]-module. Section 8 is the heart of the paper, where we compute the periodic structure set of M , working at p and away from p. In Section 9 we give the computation of the geometric structure set of M , as well as detection by algebraic topological invariants. In Section 10, we detect the structure set by the geometric invariants given in Theorem 0.2: splitting obstructions and the ρ-invariant. Finally, in Section 11 we mention some basic questions which we did not answer, in the hope that these questions are accessible and will stimulate future work.
Preliminaries about the group Z n ⋊ Z/p
In this section we collect various facts about Γ from [13, Lemma 1.9] . Hence n = k(p − 1); (ii) Each nontrivial finite subgroup P of Γ is isomorphic to Z/p and its Weyl group W Γ P := N Γ P/P is trivial; (iii) There are isomorphisms
and a bijection cok ρ − id : Z n → Z n ∼ = − → P := {(P ) | P ⊂ Γ, 1 < |P | < ∞}.
Here P is the set of conjugacy classes (P ) of nontrivial subgroups of finite order. If we fix an element s ∈ Γ of order p, the bijection sends the element u ∈ Z n /(1 − ρ)Z n to the conjugacy class of the subgroup of order p generated by us; (iv) We have |P| = p k ; (v) There is a bijection from the Z/p-fixed set of the Z/p-space T 
Preliminaries about the Farrell-Jones Conjecture
To classify high-dimensional manifolds one uses the surgery exact sequence. One of the terms in the surgery exact sequence is the 4-periodic L-group L * (ZG), where G is the fundamental group of the manifold under consideration. Although the Lgroups are algebraically defined, when G is infinite the computation of the L-groups is done by a mix of algebraic, topological, and geometric methods. This is encoded in the Farrell-Jones Conjecture, which can be stated in terms of an equivariant homology theory in the sense of [22, Section 1] as follows.
Let E : GROUPOIDS → SPECTRA be a covariant functor from the category of small groupoids to the category of spectra, which is homotopy invariant, i.e., it sends an equivalence of groupoids to a weak homotopy equivalence of spectra. Given a cellular map X → Y of G-CW -complexes for a (discrete) group G, Davis-Lück [11] define
where cone refers to the mapping cone, Or(G) to the orbit category of G, and G/H to the groupoid associated to the G-set G/H. This defines a G-homology theory H A family F of subgroups of G is a collection of subgroups which is nonempty and closed under conjugation and under taking subgroups. The classifying space E F G for group actions with isotropy in F is characterized up to G-homotopy equivalence as a G-CW-complex where (E F G)
H is empty if H ∈ F and contractible if H ∈ F . We write EG for the classifying space when F is the family of finite subgroups and EG for the classifying space when the F is the family of virtually cyclic subgroups. For more information about these spaces we refer for instance to [24] .
The Farrell-Jones Conjecture for the group G, which was originally stated in [14, 1.6 on page 257], predicts that for all m ∈ Z the projection EG → • induces isomorphisms
We now specialize to the group Γ = Z n ⋊ Z/p. The first point is that the Farrell-Jones Conjecture in K-and L-theory holds for Γ by [7] . Since the only subgroups which are virtually cyclic and not finite are infinite cyclic and since the Farrell-Jones Conjecture holds for infinite cyclic groups, the transitivity principle [14, Theorem A.10] 
, are bijective for all m ∈ Z. Hence we get 
Remark 2.2. Note that Γ = Z n ⋊ Z/p acts affinely on Z n where Z n acts by translation and Z/p acts by the map ρ. By extending scalars, Γ acts properly and cocompactly on R n . Hence Γ is a crystallographic group and R n can be taken as a model for EΓ.
Algebraic K-theory of the group ring
For a group G and an integer m, define Wh m (G) to be the homotopy groups of the homotopy cofiber of the assembly map in algebraic K-theory, i.e.
where K = K Z is the algebraic K-theory spectrum over the orbit category of [11, Section 2] 
, and Wh n (G) is K n (ZG) for n ≤ −1.
The space EΓ can be profitably analyzed using the following cellular Γ-pushout, see [28, Corollary 2.11] ,
This leads to the following result taken from [13 The map
and hence is finite, and K n (Z[Z/p]) = 0 for n ≤ −1.
Proof. The isomorphism ⊕ Wh n (P ) ∼ = Wh n (Γ) is a direct consequence of Theorem 2.1 and the G-pushout The computation of Wh(Z/p) for an odd prime p (and much more information about the Whitehead group for finite groups) can be found in [30] , a discussion of [29] , and the vanishing of 
Algebraic L-theory of the group ring
In this section we compute the L-groups of ZΓ for all decorations.
4.1. Decorated L-groups. We first discuss the so-called decorated versions of Ltheory L −i * (ZG) for any group G for i = 2, 1, 0, −1, −2, . . . and i = −∞. We recall briefly a few facts; more information can be found in [32] . For m ∈ Z, these are functors
One sometimes writes
The L s -groups are bordism groups of algebraic Poincaré complexes with based modules and simple Poincaré duality; they are useful in classifying manifolds. The L h -groups are bordism groups of algebraic Poincaré complexes with free modules; they are useful for studying the existence question of when a space has the homotopy type of a manifold. The L p -groups are bordism groups of algebraic Poincaré complexes with projective modules. The L −∞ -groups are useful for the FarrellJones Conjecture.
We will often use the Ranicki-Rothenberg exact sequence for a group G, see [32, Theorem 7 .12 on page 146]
For any decoration i, there is a homotopy invariant functor
Farrell and Jones [14] conjecture that
for all groups G. However, the decorated version of the assembly map
need not be bijective in general, for example, it is not bijective for the group G = Z 2 × Z/29 for the decorations p, h, and s, see [15, Example 14] . However, the Farrell-Jones Conjecture for the group Γ holds for all i as we show below. This will be important since the L s -version is the geometrically significant one.
4.2.
The −∞ -decoration. In this subsection we compute L −∞ m (ZΓ) using the Farrell-Jones Conjecture, see Theorem 2.1. The L-theory of Γ = Z n ⋊ Z/p is, in some sense, built from the L-theory of Z n and Z/p, so we first review these. The Farrell-Jones Conjecture in K-theory holds for the torsion-free group Z n . It follows that Wh m (Z n ) = 0 for all m ∈ Z and for all n ∈ Z ≥0 . Thus the maps
are bijections for i, m, and n and the map of spectra
is a weak homotopy equivalence for all i and n. Hence we will omit the decoration and refer to L m (Z[Z n ]) and L(Z[Z n ]). When n = 0, the L-groups are well known, essentially due to Kervaire-Milnor,
where the map to Z is given by the signature divided by 8 and the map to Z/2 is given by the Arf invariant. Since the Farrell-Jones Conjecture in L-theory holds for the torsion-free group
For p an odd prime, we get from [4 
There is a long exact sequence
The map β m [1/p] is a split surjection, and thus there is an isomorphism of
Proof. This follows directly from Theorem 2.1 and Lemma 3.2.
Next we want to improve Theorem 4.6 by comparing it with the computation of KO * (C * r (G)) of [13, Theorem 10.1] . The next result is motivated by Sullivan's thesis [33] , but its proof requires much more, in particular recent results of Land and Nikolaus. 
Proof. Notice that we invert 2 so that the decorations do not matter and we therefore ignore them. The key ingredient is a rigorous construction of a weak homotopy equivalence of spectra KO(A)[1/2] → L(A) for a real C * -algebra A from its topological K-theory spectrum to its algebraic L-theory spectrum after inverting 1/2, which is natural in A, [21, Theorem C] . In particular this applies to the real group C * -algebra and can be extended from groups to groupoids, see [21, Section 5.2] . For any group there is a natural map from the integral group ring to the real group C * -algebra which yields a natural map between the corresponding L-theory spectra. This construction also extends to groupoids. Combing these two transformations and using the fact that the one in [21, Theorem C] is a weak homotopy equivalence, yields the desired transformation T ? * (−). Recall that a G-CW -complex is proper if all isotropy groups are finite. In order to show that T G n (X) is an isomorphism for every proper G-CW -complex X, it suffices to do this in the case X = G/H for a finite subgroup H ⊆ G, see [6 If G is a group and M is a left ZG-module, the invariants of M are
g∈G gx is an isomorphism after tensoring with Z[1/q]. If H * is a (non-equivariant) generalized homology theory, and G acts on X, then the homology quotient map factors as H * (X) → H * (X) G → H * (G\X). If the quotient map X → G\X is a regular G-cover and G is finite of order q, then there is a transfer map H * (G\X) → H * (X) G so that the composite
G is an isomorphism after tensoring with Z[1/q]. 
Proof. Consider the diagram
where α and γ are the functorial H * -maps and β is the transfer. We will show that α, β, and γ are isomorphisms. Given a Z/p-CW -complex X, the map
is an exact functor, the assignments sending a Z/p-CW -complex to H m (X) Z/p and to H m (Z/p)\X are Z/p-homology theories and j * is a transformation of Z/phomology theories. One easily checks that j m is a bijection if X is (Z/p)/H for any subgroup H ⊆ Z/p. It follows that j m is a bijection for any Z/p-CW -complex. Taking X to be Z n \EΓ, we see α is an isomorphism and taking X to be Z n \EΓ we see that γ •α is an isomorphism. We commented above that β •α is an isomorphism. It follows that all the maps are isomorphisms.
We also need some numbers defined in our previous paper [13] . For j, k ∈ Z ≥0 , and for p an odd prime, define (4.9)
where Λ j means the j-th exterior power of a Z-module and ζ p is a primitive p-th root of unity. Thus r j = rk H j (T n ρ ) Z/p . When k = 1 we worked out these numbers in [13, Lemma 1.22]: r j = 0 for j ≥ p, and for 0 ≤ j ≤ (p − 1),
(ii) There is an exact sequence
which splits after inverting p; (iii) We have (4.5) and Theorem 4.6 implies that for every m ∈ Z we obtain an isomorphism
and a short exact sequence
which splits after inverting p.
It remains to show that transferring to subgroup Z n of Γ induces an isomorphism
It suffices to do this after localizing at p and after inverting p. We first invert 2. Because of Theorem 4.7 and the fact that the assembly maps
, are bijections, see Theorem 2.1 and [17] , we obtain a commutative diagram of
with bijective vertical arrows. The lower horizontal arrow is bijective by Theorem [13, Section 11.2] . Hence
is bijective for every m ∈ Z. Next consider the commutative diagram
We will show that all maps are isomorphisms after inverting p. Lemma 4.8 shows this is true for the top horizontal map. The Farrell-Jones Conjecture in L-theory for Z n (see (4.4)) shows this holds for the right vertical map. To show this holds for A Γ , first rewrite it as Thus the bottom row ι
Z/p of (4.11) is also an isomorphism after inverting p. We have shown that ι * (p) and ι * [1/p] are isomorphisms, so we conclude that ι * is an isomorphism.
(iii) It suffices to show that the abelian groups in question are isomorphic after inverting 2 and after inverting p. We conclude from [13, Theorem 10.1] and Theorem 4.7 that this is the case after inverting 2. It remains to treat the case, where we invert p. Because of assertion (ii),(4.5), and Lemma 4.8, it remains to prove
The Atiyah-Hirzebruch spectral sequence converging to H m (BZ n ; L(Z)) collapses, since BZ n is T n and therefore one can compute
together with exact sequences of
which splits as short exact sequence of Z-modules. Let s : 
This implies by induction over i that there is an isomorphism of Z[1/p]-modules
is an isomorphism for m ∈ Z; (ii) For m ∈ Z there is an exact sequence
which splits after inverting p. The first map is given by the various inclusions P → Γ and β i m is defined by the composite
are bijective and transferring to the finite index subgroup
(i) and (ii) Since Wh i (P ) = 0 because of [8] and Wh i (Γ) = 0 by Theorem 3.3 for i ≤ −2, we obtain fron (4.1)
This together with Theorem 4.10 implies that assertions (i) and ( . . .
The left vertical column is the direct sum over P of the Rothenberg sequences (4.1) associated to P . The middle column is the Rothenberg sequences (4.1) associated to Γ. The isomorphism in the right column come from (4.3). Notice that all columns are exact. In each row the left arrow comes from the various inclusions P → Γ. The rows involving the Tate cohomology are exact sequences
The sequences for the decorations i − 1 are short exact sequences by induction hypothesis
) is defined such that the diagram commutes. The remaining columns yield short exact sequences
Lemma 3.2 shows that there is a long exact sequence
is split surjective. We have already shown, see (4.15) , that the composite
is injective. Hence the long exact sequence reduces to short exact sequences
which split after inverting p. We obtain the following commutative diagram
Since the rows are exact and the first and third vertical arrows are bijective, the middle arrow is bijective by the Five-Lemma. This finishes the proof of assertions (i).
A direct computation shows that the map β Hence assertion (ii) implies that we obtain an isomorphism
The following diagram commutes
The lower horizontal arrow is an isomorphism by Theorem 4.10 (i) and the right vertical arrow is an isomorphism by (4.3). Hence the map
The lower horizontal arrow is an isomorphism by Theorem 4.10 (i). Since Wh i (Z n ) = 0 for i ≤ 1, the right vertical arrow is an isomorphism by the Rothenberg sequence (4.1). Hence the upper horizontal arrow is an isomorphism. This finishes the proof of assertion (iii). (iv) It suffices to prove the claim after inverting 2 and after inverting p. If we invert 2, the natural comparison maps between the various decorated L-groups are isomorphisms by the Rothenberg sequence (4.1) and the claim follows from Theorem 4.10 (iii). If we invert p, the claim follows from assertion (ii), Lemma 4.8 and isomorphisms (4.2), (4.13), and (4.16).
Structure sets
Given a closed oriented m-dimensional manifold N , we denote its geometric simple structure set by S geo,s (N 
for a group G and subgroup H ⊆ G. Given any CW -complex X, there is an exact algebraic surgery sequence of abelian groups
There is also a 1-connective version of the sequence (5.2)
The algebraic surgery exact sequences can be constructed in two ways. It can be constructed by defining the structure groups to be the homotopy groups of the cofiber of a spectrum-level assembly map (defined, for example, in [ In this section we compute the periodic simple structure groups S per,s * (BP ) for a finite p-group P and p an odd prime.
Let k be a nonzero integer. A map of abelian groups f : Theorem 6.1 (The periodic structure set of BP for a finite p-group P ). Let p be an odd prime and P be a finite p-group. Let α(P ; C) be the number of irreducible real representations of P of complex type.
(i) 
is an isomorphism, essentially by definition. Thus there is are reduced algebraic surgery exact sequence
Using the Atiyah-Hirzebruch spectral sequence and the Z-
We will express the structure set in terms of an equivariant homology theory. We get from [9, Theorem B.1] an isomorphism
for a connected CW-complex X with fundamental group G. Thus it suffices to show that H Lemma 6.4. Let p be a prime and P be a p-group. Let α(P ; C) be the number of irreducible complex representations of P .
(ii) The map K
(ii) Our method for computing the relative equivariant K-homology will be to apply a Universal Coefficient Theorem. This Universal Coefficient Theorem applies only to finite complexes. Hence we take models of BP and EP whose n-skeletons BP n and EP n have a finite number of cells. For each n we have the exact sequence
It induces an exact sequence of pro-Z-modules indexed by n = 0, 1, 2, 3 . . .
where {K 0 P (•)} is a constant pro-Z-module. For an introduction to the abelian category of pro-Z-modules see [1] . By the Atiyah-Segal Completion Theorem [1] , there is an isomorphism of pro-Z-modules {K 1 P (EP n )} ∼ = {0} and a commutative diagram of pro-Z-modules
where I = ker(R(P ) → Z) is the augmentation ideal of the representation ring. It follows that the sequence (6.6) can be identified with 0 → {0} → {I n } → {R(P )} → {R(P )/I n } → {0} → 0, and in particular,
A Universal Coefficient Theorem for K P * proven in [18] states that for an equivariant map X → Y of finite P -CW-complexes, there is a short exact sequence
It is an algebraic fact that {I n } = {p n I} and, setting I * = Hom
Similar, but easier reasoning shows that K P 1 (EP → •) = 0. Hence Lemma 6.4 follows.
7. The periodic simple structure set of BΓ In this section we compute the periodic simple structure set of BΓ. Recall that P is the set of conjugacy classes of subgroups of Γ of order p and that the order of P is p k .
Theorem 7.1 (Computation of S per,s (BΓ)).
(i) The map
induced by the various inclusions P → Γ is for all m ∈ Z an isomorphism. We get 
k+1 . For every (P ) ∈ P, let P ′ ⊂ Γ ab be the image of P under pr. Let res
be the map induced by transfer to the subgroup P ′ ⊂ Γ ab . Then the map 
Theorem 4.14 (i) implies
We get for m ∈ Z from the induction structure, see [22, Section 1] isomorphisms
We conclude from the Γ-pushout (3.1) and the identification (7.2), is an isomorphisms. Now assertion (i) follows from Theorem 6.1 and Lemma 1.1 (iv).
(ii) Because of assertion (i) it suffices to show that the composite is an isomorphism. We conclude from Theorem 6.1 (ii) that it suffices to show that the composite
is an isomorphism after inverting p, where the first map is given by induction with the various inclusions P → Γ, the second by induction with pr : Γ → Γ ab and the third is the product over the various transfer homomorphisms res
. This composite agrees with the composite
Hence it suffices to show that for (P ), (Q) ∈ P
is trivial for (P ) = (Q) and p m ·id for (P ) = (Q). Notice that P ′ = Q ′ ⇔ (P ) = (Q) holds for (P ), (Q) ∈ P by Lemma 1.1 (iii) and (vii). By the double coset formula the composite res 
such that the following holds:
(ii) The cokernel of σ is a finite abelian p-group; (iii) Consider the composite ν :
where the first map is given by induction with the various inclusions P → Γ and ξ n+l+1 (M ) comes from (6.2).
Then ν is injective, the image of ν is contained in the kernel of σ and ker(σ)/im(ν) is a finite abelian p-group; (iv) After inverting p we obtain an isomorphism
(v) As an abelian group we have
where the numbers r i are defined in (4.9).
Remark 8.2. There are several different points of views on the codomain of σ. Indeed there are isomorphisms
The first isomorphism is due to the Shaneson splitting/Farrell-Jones Conjecture, the second isomorphism is due to the collapse of the Atiyah-Hirzebruch Spectral Sequence, and the last isomorphism comes from (4.9).
In the proof of Theorem 8.1 it will be more convenient to define µ :
Z/p and then define the composite σ : S per,s
Z/p , noting that ker µ = ker σ and cok µ ∼ = cok σ.
Proof of assertion (i) of Theorem 8.1. We will have proved assertion (i) once we accomplish the following two goals. 
are isomorphisms.
Once we accomplish these two goals, a diagram chase gives the proof of Theorem 8.1 (i).
We now construct the following commutative diagram of abelian groups.
; L(Z)) Some explanations are in order. Here, and elsewhere in the paper, if A is a nontrivial ZG-module and X is a free G-space, we write H G i (X; A) for H i (C * (X) ⊗ ZG A), and we also write H i (G; A) for H G i (EG; A). The symbol inc stands always for an obvious inclusion. Given a free Z/p-CW -complex X and any homology theory H * , there is a Leray-Serre spectral sequence converging to
. In particular, we have a spectral sequence
, and E r l,n (BΓ) denote the corresponding filtration terms and E r -terms of the spectral sequences applied to the free Z/p-CW -complex X = S l and X = EZ/p. This explains the third, fourth and fifth row in the diagram (8.3) except for the map g n+l which we describe below. In order to show the equality of the fourth, fifth and the sixth row we need to show Lemma 8.4. All differentials in the following two spectral sequence vanish:
It suffices to show that all differentials vanish after inverting p and after localizing at p. Since for i = 0
this is obvious after inverting p.
If we localize at p, we get a natural isomorphism of homology theories 
This vanishing is explicitly given in the proof of [13, Theorem 4.1 (ii)].
(ii) Let g : S l → EZ/p be the classifying map of the free Z/p-CW-complex S l . It induces a map of the spectral sequence of assertion (ii) to the one of assertion (i). We know already the all differentials of the latter one vanish. The induced maps on the E 2 -terms 
Thus we obtain an identification
The assembly map Define the map 
where the vertical maps come from (5.2).
Then the vertical maps induce an isomorphism
Proof. Consider the following commutative diagram of abelian groups coming from (5.2)
An easy diagram chase shows that it suffices to show that the map
is surjective. We prove surjectivity after localizing at p and after inverting p.
We begin with localizing at p. Since p is odd, for every CW -complex X and m ∈ Z there is a natural isomorphism, see Theorem 4.7,
Hence it suffices to show that
is surjective. This follows from the following commutative diagram
since the left vertical arrow is induced by the projection and is hence surjective and the lower horizontal arrow is surjective, as KO k (BZ n ) → KO k (BΓ) is surjective for k even by [13, Theorem 6.1 (ii)].
Next we invert p. Then a standard transfer argument (see, for example, Proposition A.4 of [13] ) shows that
is an isomorphism for all m ∈ Z. It follows, as above, that H n+l+1 (M ; L(Z)) → H n+l+1 (BΓ; L(Z)) is surjective, as desired.
Proof. We have shown in Lemma 8.4 (i) and (ii) that all the differentials of the spectral sequence converging to H i+j (BΓ; L(Z)) with
and all the differentials of the spectral sequence converging to H i+j (M ; L(Z)) with
is bijective for i ≤ l − 1 and all j since the map S l → EZ/p is l-connected. Hence the map
is bijective for i ≤ l − 1 and all j. This implies 
where the two maps ending at L n+l (ZΓ) are the assembly maps A n+l (M ) and A n+l (BΓ) and bottom horizontal isomorphism is discussed in Theorem 4.14 (iii). We have already explained that the top horizontal arrow is an isomorphism, see (8.5) . The spectral sequence appearing in Lemma 8.4 (i) implies that the vertical inclusion at the top right induces an isomorphism after tensoring with Z[1/p]. We conclude from Lemma 4.8 
Now the diagram (8.9) shows that
We have the following commutative diagram
with exact row and exact column. An easy diagram chase proves that
is surjective and we get
) is a finitely generated abelian group, see Theorem 6.1 (i), the cokernel of µ is a finite abelian p-group. Recalling that the cokernel of σ is isomorphic to the cokernel of µ, his finishes the proof of assertion (ii) of Theorem 8. per,s n+l+1 (BΓ) becomes an isomorphism after inverting p since the composite is also the composite of
where the first map is an isomorphism after inverting p by Theorem 6.1 (ii) and the second map is an isomorphism by Theorem 7.1 (i). Hence ν is injective after inverting p. Since L s n+l+1 (ZP ) is a finitely generated free abelian group, ν is injective.
Note
where the first equality holds since the simply-connected surgery exact sequence is short exact and the second equality holds because of the periodic surgery exact sequence (5.2). We have shown in ( n+l+1 (M ) is a finitely generated abelian group because of the surgery exact sequence (5.2), we conclude that ker(µ)/ im(ξ n+l+1 (M )) is a finite abelian pgroup.
Next we consider the following commutative diagram
Here the exact column is taken from Theorem 4.14 (ii), the row is exact because of the surgery exact sequence (5.2) for M and the surjectivity of H n+l+1 (M ; L(Z)) → H n+l+1 (BΓ; L(Z)) which we have shown in the proof of Lemma 8.7. The map H n+l+1 (i; L(Z)) induced by the obvious map i : BΓ → BΓ is bijective after inverting p, see the proof of part 8.1 (ii). Since there is a finite CW -model for BΓ and hence H n+l+1 (BΓ; L(Z)) is finitely generated, the cokernel of H n+l+1 (i; L(Z)) is a finite abelian p-group. Since this cokernel is isomorphic to im(ξ n+l+1 (BΓ))/ im(ν) by the commutative diagram above, we have shown that both ker(µ)/ im(ξ n+l+1 (M )) and im(ξ n+l+1 (BΓ))/ im(ν) are finite abelian p-groups. Hence ker(µ)/ im(ν) is a finite abelian p-group. Recalling that ker(µ) = ker(σ), this finishes the proof of assertion (iii) of Theorem 8.1.
Proof of assertion (iv) of Theorem 8.1. Because of assertion (i) it suffices to show that 
Proof of assertion (v).
If we invert p, we conclude from assertion (iv) using Theorem 7.1 (i), Theorem 6.1, Lemma 1.1 (iv),
The abelian groups S per,s
Z/p contains no p-torsion. We conclude from assertion (i) that the abelian group S per,s
It remains to prove
This follows from Remark 8.2. This finishes the proof of Theorem 8.1.
9.
The geometric simple structure set of M In this section we compute the geometric simple structure set S geo,s (M ) of M . For the rest of this paper, we simplify our notation and write L for the spectrum L(Z) and L 1 for its 1-connective cover.
In general we have the following relationship between the periodic and the geometric simple structure set.
Lemma 9.1. Let N be a connected oriented closed m-dimensional manifold. Then we obtain an exact sequence
where the map j(N ) is taken from (5.5), the map ∂(N ) factors as S per,s
Proof. We have the following commutative diagram with exact columns
where the columns are the exact sequences (5.2) and (5.3) using the identification (5.4) and the horizontal maps are given by the passage L 1 → L. Let L/L 1 be the homotopy cofiber of the canonical map i : L 1 → L and denote by pr : L → L/L 1 the canonical map of spectra. We get an exact sequence
Since π q (L/L 1 ) vanishes for q ≥ 1 and is L 0 (Z) for q = 0, an easy spectral sequence argument shows that H d+1 (N ; L/L 1 ) = 0. Thus the top horizontal map is surjective. The fourth horizontal map is injective and its cokernel maps
Let f : M → BΓ be a classifying map for the universal covering of M . Theorem 9.2 (The geometric simple structure set of M ). There is a homomorphism
(ii) The cokernel of σ geo is a finite abelian p-group; (iii) Consider the composite
where the first map is given by induction with the various inclusions P → Γ and ξ 1 n+l+1 (M ) comes from (6.3). Then ν geo is injective, the image of ν geo is contained in the kernel of σ geo and ker(σ geo )/ im(ν geo ) is a finite abelian p-group; (iv) After inverting p we obtain an isomorphism
As an abelian group we have
where the numbers r i are defined in (4.9);
1 is a finite cyclic p-group. 
Proof. We first prove (iv). We construct a commutative diagram whose columns are exact after inverting p.
The exact left column is due to Lemma 9.1. In the right column, the first nontrivial map is induced by the product of the change of coefficients map L 1 → L with the identity on the structure group and the second nontrivial map is induced by the composite of projection on the torus factor and the change of coefficients map L → L/L 1 . The right column is exact after inverting p, since H n+1 (T n ρ ; L/L 1 ) = 0; thus we have the exact sequence of Z[Z/p]-modules
Recall that all differentials of the spectral sequence Lemma 8.4 (ii) . This implies that for the spectral sequence
1 ) all differentials which ends or starts at place (s, t) vanish, provided that s + t = n + l. Hence we can define analogously to σ a map
such that the following diagram commutes
The homomorphism α in diagram (9.4) is given by the edge isomorphism
at i = l and j = n of the spectral sequence
which is an isomorphism after inverting p since l is odd, the isomorphism of Z[Z/p]-modules
, which is the obvious edge homomorphism in the spectral sequence
and the bijectivity of the inclusion
The second horizontal arrow σ × S per,s n+l+1 (f ) in diagram (9.4) is an isomorphism after inverting p by Theorem 8.1 (iv). We leave it to the reader to check that the diagram (9.4) commutes. By the Five Lemma the upper horizontal arrow
is an isomorphism after inverting p. This finishes the proof of assertion (iv). 
We have already shown that the map α is an isomorphism after inverting p and its source is an infinite cyclic group. Hence α is injective. Theorem 8.1 (iii) shows that ν is injective, the kernel of σ contains im(ν) and ker(σ)/ im(ν) is a finite abelian p-group. An easy diagram chase shows that σ geo is injective, the image of σ geo is contained in the kernel of σ geo and there is obvious isomorphism 
(vi) This follows from the diagram (9.4), after we have shown that the the map
is surjective. The latter claim follows from the fact T n is stably homotopy equivalent to a wedge of spheres. This finishes the proof of Theorem 9.2.
10. Invariants for detecting the structure set of M Let G be a finite group; let R(G) be its complex representation ring. Let R(G) = R(G)/ reg be the reduced regular representation ring. (Additively R(G) and R(G) are K 0 (CG) and K 0 (CG), respectively.) For ε = ±1, let R(G) ε and R(G) ε be the subgroups invariant under V → εV . For example, R(Z/p) ∼ = Z[e 2πi/p ] and both R(Z/p) +1 and R(Z/p) −1 are free abelian of rank (p − 1)/2 for p an odd prime. Let V be a finitely generated RG-module and let
ε . If W is a compact 2d-dimensional oriented manifold with a G-action, define its G-signature sign G (W ) to be the G-signature of its intersection form.
A representing element of L s 2d (ZG) defines a G-equivariant, (−1) d -symmetric form by first tensoring with R and then composing with the trace map RG → R, a g g → a e . This defines the multisignature maps 
and
The cokernels of these maps are trivial after tensoring with Z[1/2p].
Proof. We have already defined σ and σ geo in Theorems 8.1 and 9.2 respectively. Let ρ be the composite 
where for (P ) ∈ P the subgroup P ′ ⊂ Γ ab is the image of P under the projection pr : Γ → Γ ab , the first map is the isomorphism taken from Theorem 7.1 (ii), the second map is given by product of the inverse of the isomorphism appearing in Theorem 6.1 (ii), and the third map is the product of the homomorphisms defined in (10.1). Define ρ to be the composite
Note that all these maps are isomorphisms after tensoring with Z[1/2p].
We thus see that ρ[1/2] is an isomorphism and, thus, since the domain of ρ is torsionfree by Theorem 7.1 (i), ρ is injective.
The map σ × S 
The map σ × ρ is the map induced on cokernels by the commutative square above it. The columns are short exact sequences so the snake lemma applies and yields the following exact sequence:
Since we have already shown that ker(σ × ρ) = 0 it follows that σ geo × ρ geo is injective. Since we have already shown that (σ × ρ)[1/p] is an isomorphism, it follows that both cok(σ × ρ)[1/p] and cok(σ × ρ)[1/p] vanish. Note that cok(j(M )) is an infinite cyclic group by Lemma 9.1 and Theorem 9.2 (vi). Since the domain and codomain of σ × ρ are infinite cyclic and the cokernel is p-torsion, its kernel is trivial. Hence there is a short exact sequence
where the middle term is p-torsion. Hence all the groups are p-torsion and (σ geo × ρ geo )[1/p] is an isomorphism as desired.
We next interpret the detecting maps from Theorem 10.3 in terms of geometric invariants. The first map σ geo will be given by splitting invariants, coming from surgery obstructions along submanifolds and the second map ρ geo will be given by ρ-invariants which arise both in index theory for manifolds with boundary as well as in the homeomorphism classification of homotopy lens spaces with odd order fundamental group. 10.1. Splitting invariants. Let X be a closed oriented manifold with dimension d ≥ 5. Recall that in Section 5 we mentioned an identification of the geometric surgery exact sequence with the 1-connective algebraic surgery exact sequence. To discuss splitting invariants we say precisely what this identification is. In particular, we discuss the bijection N (X) → H d (X; L 1 ).
Recall that a degree one normal map (f, f ) is a degree one map f :
and a trivialization f : T N ⊕ f * ξ ∼ = R l for some bundle ξ over X. Then N (X) is the set of normal bordism classes of degree one normal maps to X. The map η : S geo,s (X) → N (X) is given by considering a simple homotopy equivalence h : X ′ → X as a degree one map and taking ξ = h −1 * ν X ′ , where h −1 is a homotopy inverse of h and ν X ′ is the normal bundle of X ′ with respect to some embedding in Euclidean space. The map σ :
is given by the surgery obstruction. In particular a normal bordism class maps to zero if and only if it has a representative given by a simple homotopy equivalence.
A Pontryagin-Thom construction gives a bijection P T : N (X)
The corresponding spectrum is homotopy equivalent to L(Z) (which we have been abbreviating L). It follows formally that the 0-space of the 1-connective cover L 1 is homotopy equivalent to G/T OP and that [X, G/T OP ] = H 0 (X; L 1 ). Furthermore, Ranicki shows that closed, oriented, topological manifolds are oriented with respect to these two spectra, hence there are Poincaré duality isomorphisms
where t is the composite N (X)
The philosophy of splitting invariants is to detect N (X) by submanifolds. Let Y j be a closed, oriented submanifold of X d . (We assume our submanifolds have a normal bundle so we can apply transversality.) The restriction map
is defined by representing a normal bordism class by a normal map (f, f ) where
It follows from the Pontragin-Thom construction that the map res Y X is the composite
but we state this result slightly differently:
Definition 10.7 (Sullivan [33, 34] ). A characteristic variety of X d is a collection of disjoint, closed, oriented, connected, submanifolds {Y j i } of X d so that any simple homotopy equivalence h : X ′ → X which vanishes under the compositie
is homotopic to a homeomorphism.
Sullivan's original example is that a characteristic variety for CP n is given by {CP j } with 0 < j < n. If a manifold satisfies topological rigidity [19] (for example a sphere or a torus), then the empty set is a characteristic variety. (i) The following map is an isomorphism
(ii) For a subset J ⊂ {1, 2, . . . , n}, let 
The general case follows since the Atiyah-Hirzebruch spectral sequence collapses.
The L-theory orientation of topology in [31] .) (ii) Let h : X ′ → X be a simple homotopy equivalence. We first claim that h is homotopic to a homeomorphism if and only if 
is an isomorphism, the composite
is surjective. Hence the boundary map ∂ in the surgery exact sequence (see Theorem 10.5) is the trivial map. Our first claim follows. Our second claim is that the map
is an isomorphism where J runs over all nonempty subsets of {1, 2, . . . , n}. To see this is an isomorphism we exhibit its inverse map which sends the generator
Our third claim that for a simple homotopy equivalence h : X ′ → X,
by exactness of the surgery exact sequence
by naturality of the assembly map.
Since A 1 n+l (T n ) is an isomorphism, (10.9) follows. Now back to the proof of (ii). Let h : X ′ → X be a simple homotopy equivalence. Our goal is to show that h is homotopic to a homeomorphism. By our first claim, part (i), and our third claim, it suffices to show that
By Lemma 10.6, this is equivalent to showing P T (res
In particular, by taking y = id N , we have an equality of maps
Proof. (i) This is the main result of the paper [10] by Crowley and Macko.
(ii) The following is an easy consequence of the definition of the ρ-invariant: If W 2d is a compact oriented manifold with a map to BG and if
The action is implemented by such a W and the result follows.
Let L l be a homotopy lens space with fundamental group P ∼ = Z/p, for p an odd prime. Let d = (l + 1)/2. A homotopy lens space is the orbit space of a free action of Z/p on S l ; equivalently it is a closed manifold having the homotopy type of a lens space.
Theorem 10.14.
is an injection, and is an isomorphism after tensoring with Z[1/2p].
Proof. We first show that S geo,s (L l ) is isomorphic to Z (p−1)/2 and is in particular torsion-free. The Atiyah-Hirzebruch Spectral Sequence in equivariant homology (see [11, Theorem 4.7] ) shows that
, which is finitely generated and has rank (p − 1)/2 by the surgery exact sequence, and the codomain is isomorphic to Z[1/p] [36, Chapter 14E ] that the structure set of a homotopy lens space is detected by the ρ ′ invariant. He showed that if L l is a homotopy lens space with fundamental group Z/k for k odd, that
This follows for k a prime power by our argument above, and, we believe, for all k odd by the techniques in our paper. In fact, Wall proved much more and identifies the image of the map ρ ′ , which takes much more work.
Wall's result that structure set of lens spaces is detected by the ρ ′ -invariant and the fact that splitting invariants detect the structure set of T n × S l were a major impetus for our paper.
Recall that P is the set of conjugacy classes of subgroups of order p of Γ = Z n ⋊ Z/p. Recall |P| = p k where n = k(p − 1). Let pr : Γ → Γ ab ∼ = (Z/p) k+1 be the quotient map. For each (P ) ∈ P, let P ′ = pr(P ), let Γ P = pr −1 (pr(P )), and note that ker pr Γ P Γ. Let M P → M be the cover corresponding to the subgroup Γ P . Consider the transfer map There is one nontrivial splitting obstruction taking values in L 2 (Z) ∼ = Z/2, make the corresponding map transversal to T 2 × • ⊂ T 2 × S 3 . There are three conjugacy classes of subgroups of order p in Γ and each yields a ρ-invariant type obstruction.
Appendix: Open questions
As mentioned earlier, our inspiration, our muse, for this paper is Wall's classification [36, Chapter 14E] of homotopy lens spaces L l with odd order fundamental group. This classification is complete. It consists of the classification of homotopy types of homotopy lens spaces, the classification of the simple homotopy types within a homotopy type, the computation of the geometric structure set, and the computation of the moduli space M(L L ) of homeomorphism classes of the closed manifolds within a simple homotopy type. In the case of homotopy lens spaces it is a bit easier to state if one considers the polarized homotopy type, fixing an orientation and an identification of the fundamental group with Z/k. Then the polarized homotopy type is given by the first k-invariant, lying in the group (Z/k) × ⊂ Z/k = H l+1 (B(Z/k)). The simple homotopy types of polarized lens spaces are given by the Reidemeister torsion ∆(L l ) and Wall determines the set of possible values which occur. Fixing a simple homotopy type he showed, as mentioned earlier, that
is injective and he computed the image. From this, it is not difficult to compute the moduli space. For any closed manifold X, let sAut(X) be the group of homotopy classes of simple self-homotopy equivalences. Then sAut(X) acts on S geo,s (X) with orbit space the moduli space.
In the case of a homotopy lens space, then sAut(X) can be computed directly since L l is a skeleton of K(Z/k, 1), or better yet, one can compute the action of sAut(X) on the set of k-invariants, Reidemeister torsions, and ρ ′ -invariants. We omit the details.
The discussion above leads to several questions: 
(An alternate conjecture is that a simple homotopy equivalence h : N → M is homotopic to a homeomorphism if and only if h ≃ k where k| :
